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Nielsen [1] introduced a model of quantum computation by measurement-based simulation of uni-
tary computations. In this model, a consequence of the non-determinism of quantum measurement
is the probabilistic termination of simulations. This means that the time when simulation terminates
for a given computation is probabilistic, and this simulation may even never end.
We introduce (section 3) a measurement-based model with non probabilistic termination, which
permits, unlike existing models, to predict the time of termination. This new scheme is a modifi-
cation of Nielsen’s. After an introduction to Nielsen’s scheme (section 1), an analysis of different
temporal organisations of elementary simulations within Nielsen’s scheme (section 2) leads to the
non probabilistic model.
NIELSEN’S SCHEME
The Goal
The goal of Nielsen’s scheme [1] for measurement-based
simulation of quantum computation is to prove the uni-
versality of quantum measurement, i.e. that any unitary
operator U can be simulated using only quantum mea-
surements.
Nielsen’s Scheme:
• The first stage consists in decomposing any uni-
tary operation U into members of a universal
family of unitary operators. In this article the
{One−qubit unitary transformation, CNot} uni-
versal family [2] is chosen first.
• The second stage consists in simulating each mem-
ber of the universal family using only quantum
measurements. These elementary simulations are
performed using generalised teleportation.
Generalised Teleportation
From teleportation without unitary operation. . .
The following network can be considered as a quantum
teleportation scheme:
figure 1
Bell measurements are two-qubit measurements in
Bell’s basis (i.e. the basis of C4 composed of the
four Bell states). Each Bell state can be expressed as
(Id⊗σn) |EPR〉, for n ∈ {0..3}, where |EPR〉 = |00〉+|11〉√2
and σn is a Pauli operator.
The first Bell measurement creates an entangled Bell
state. The action of the second Bell measurement can be
viewed as equivalent to the application of H then CNot
(see figure 3 ) followed by standard measurement, as in
the usual presentation of quantum teleportation [3]. The
application of the second Bell measurement teleports an
unknown state |φ〉 from Alice to Bob, up to a σi = σnσm
Pauli operator which depends on the classical results of
the two successive measurements.
. . . to the simulation of one-qubit unitary operations.
Teleportation is nothing but a simulation of the iden-
tity transformation because the final state is the same as
the initial state. Nielsen showed that any one-qubit uni-
tary transformation can be simulated, by adjusting the
measurement basis.
figure 2
For a given one-qubit unitary operator U , the set of
states {|Ui〉 = (I ⊗ Uσi) |EPR〉}i=0..3 is a basis of the
two-qubit Hilbert space. Thus, if the first Bell measure-
ment of the teleportation scheme is replaced by a mea-
surement in a basis {|Ui〉}i=0..3 (figure 3 ), then the ap-
plication of this scheme to a state |φ〉 generates a state
2Uσnσm |φ〉, where n and m are classical results of the
measurements.
Corrective Stage
Using the simulation presented above, a corrective
stage is needed, due to the non-determinism of measure-
ment. Whereas the desired result is U |φ〉, the simulation
produces Uσnσm |φ〉. If m = n, then the simulation is
terminated, otherwise a corrective stage needs to be per-
formed.
Nielsen proposes a corrective stage organised as fol-
lows:
Simulation Step: In order to simulate the application
of U to a state |φ〉 , the generalised scheme of tele-
portation is applied with U0 = U and |ψ0〉 = |φ〉.
The quantum output after this first simulation is
U0σm0σn0 |ψ0〉.
Correction Step: If m0 = n0 then the corrective phase
is terminated. Otherwise the scheme is applied
again with a simulation of U1 = U0σm0σn0U
†
0 on
the state produced by the above simulation, which
is |ψ1〉 = U0σm0σn0 |ψ0〉. And so on.
At any step, the probability of success, which does not
depend on U and |φ〉, is 1/4. Therefore, the probabil-
ity that the number x of calls to the scheme of gener-
alised teleportation be greater than k, is P (x > k) =
(3/4)k −−−−→
k→∞
0. This result shows that the probabil-
ity that a simulation never ends is null, but it does not
permit to predict a date after which a simulation is termi-
nated with probability one: this model is a probabilistic
terminating model.
Extension to a simulation of CNot
The above scheme simulates any one-qubit unitary
transformation. Nielsen extended this scheme to a simu-
lation of any two-qubit unitary transformation [1]. This
extension needs four-qubit measurements. Then Leung
[4, 5] showed that a simulation of CNot can be obtained
using only two-qubit measurements. Due to the univer-
sality of {One-qubit unitary transformation,CNot}, and
since simulation of any one-qubit unitary operator needs
only two-qubit measurements, Leung concluded to the
universality of two-qubit measurements.
POSTPONEMENT OF CORRECTIVE STAGE
Motivations
Using Nielsen’s scheme, each simulation step is fol-
lowed by an average of four steps of correction. That
is why one can wonder if such resource costly correc-
tions may be better organized. An alternative scheme to
Nielsen’s consists in postponing all corrective steps into a
global corrective stage. The body of the simulation stage
is thus composed of simulation steps only.
For instance, consider the simulation of a unitary
transformation U = (H ⊗ I)CNot on a state |φ〉. Af-
ter the first step of simulation a state CNot(σn⊗σm) |φ〉
is obtained, where n and m depend on the results of
the measurements. Whereas Nielsen’s scheme goes on by
correcting this state until obtaining CNot |φ〉, an alter-
native scheme consists in the simulation of H without
any preliminary corrective step. This simulation leads to
a state Usimul |ψ〉 = (Hσk⊗ I)CNot(σn⊗σm) |φ〉, where
k depends on the results of the measurements performed
during the simulation of H . The global corrective stage
may be represented by a unitary operator CU = UU
†
simul,
thus CUUsimul |φ〉 = UU †simulUsimul |φ〉 = U |φ〉.
In the general case, the corrective operator CU is ob-
tained using the definition CU = UU
†
simul, where U is the
simulated unitary operator, and Usimul is the operator
actually simulated during the simulation stage. Know-
ing U , Usimul is entirely determined by the results of the
measurements performed during the simulation stage.
Discussion around Benefit of Postponement
The existence of a corrective operator CU for any uni-
tary operator U allows to run the whole simulation stage
without taking care of classical results of measurements.
In this way the simulation stage can be considered as
unconditional.
To point out the benefit of this alternative scheme,
one has to compare, in terms of number of measurements
performed, the simulation of U using, on one hand the
original Nielsen’s scheme and on the other hand the post-
ponement of the corrective stage, where the simulation
of CU still has to obey Nielsen’s scheme. Intuitively, the
benefit of the postponement comes from the interactions
between some corrective factors called for by the simula-
tion stage. The next section is dedicated to the charac-
terisation of the gain due to the postponement strategy.
3TOWARD A NON-PROBABILISTIC MODEL
An Attemp of Error Characterization
To quantify the hypothetical gain due to the postpone-
ment of the corrective stage, a universal approximation
family {H,T,CNot} is considered [2]:
H =
1√
2
(
1 1
1 −1
)
, T =
(
1 0
0 e
ipi
4
)
CNot =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


figure 3
The computation of any U can be decomposed into l
steps, where each step consists in an application of H , T
or CNot. Step by step, simulations of H , T and CNot
introduce errors, which are accumulated according to the
postponement strategy. Thus there exists, for any k, a
corrective operator Ck, which represents the errors ac-
cumulated during the k first steps of simulation. Notice
that Cl is nothing but CU . The computation simulated
by the first k steps is suppsedto produced a state |ψk〉,
but the state actually coming out of these k simulation
steps is |ηk〉. Thus, for any k, |ψk〉 = Ck |ηk〉.
The special case where, for any k, the corrective oper-
ator Ck is a Pauli operator is interesting to consider:
Property 1 - After k steps of simulation, the correc-
tive operator Ck is a n-qubit Pauli operator:
Ck = α(
⊗
j=1..n
σdj )
where α is a global phase and dj ∈ {0..3}
Lemma 1 - After k steps of simulation of H or CNot,
the corrective operator Ck is a n-qubit Pauli oper-
ator.
Proof: By induction, using the stabilization of the
Pauli group (composed of the Pauli operators) by CNot
and H . 
Unfortunately, using the elementary simulation pro-
posed by Nielsen, the result of a simulation of T on a
state |ψ〉 may be Tσ1 |ψ〉 = 1√2 (σ1 + σ2)T |ψ〉. Since
1√
2
(σ1 + σ2) is not a Pauli operator, the elementary sim-
ulations introduced by Nielsen do not verify Property 1.
In order to have this property satisfied also by T , an
alternative elementary simulation of T must be found.
An Alternative Elementary Simulation of T
Thanks to Lemma 1, satisfying Property 1 (i.e. the
corrective operator is a Pauli operator) is reduceable to
finding an adapted simulation for T . A simulation of T is
adapted if any state Ck |φ〉 is transformed into Ck+1T |φ〉,
where Ck and Ck+1 are Pauli operators. The transfor-
mation T is a one-qubit unitary operator, so the previous
condition can be rewritten as follow: a simulation of T is
adapted if any state σp |φ〉 is transformed into CTT |φ〉,
where CT is a one-qubit Pauli operator.
The alternative elementary simulation of T is based on
projective measurements, e.g. a σ3 ⊗ σ3-measurement. If
the 4 × 4 Pauli matrix σ3 ⊗ σ3 is considered as a two-
qubit observable, then a σ3 ⊗ σ3-measurement is a pro-
jective measurement, with eigenspaces {|00〉 , |11〉} and
{|01〉 , |10〉}. A Bell measurement can be decomposed
into two successive projective measurements: σ3 ⊗ σ3
then σ1 ⊗ σ1. The measurement σ3 ⊗ σ3 then σ2 ⊗ σ1
is close to a Bell measurement, since the eigenvectors of
this composed measurement are (|00〉+i|11〉)√
2
, (|01〉+i|10〉)√
2
,
(|00〉−i|11〉)√
2
, (|01〉−i|10〉)√
2
.
The general structure of the simulation of T proposed
by Nielsen is conserved, only the Bell measurement is
replaced by a two-qubit operator M .
figure 4
Operator M is composed of two successive projective
measurements. The first projective measurement, M1,
depends on the corrective operator accumulated before
the simulation (i.e. σp), and n, which is the result of the
first measurement. The second projective measurement,
M2, depends on σp, n and also on the result r1 of the
first projective measurement M1. The full description of
M is given in table 1.
For instance, the third line should be read as follows: if
σp = σ0 and n = 2, then M1 is a −σ3⊗σ3-measurement.
If the classical result r1 of M1 is 1, then M2 is a σ1⊗ σ1-
measurement, otherwise (i.e. if r1 = −1)M2 is a σ2⊗σ1-
measurement.
Theorem 1 - With the alternative elementary simula-
tion of T , thecorrective operator CT is a Pauli op-
erator.
Proof: A calculative proof permits to show that:
4- if r1 = r2 = 1, then CT = σ0.
- if r1 = −1 and r2 = 1, then CT = σ1.
- if r1 = r2 = −1, then CT = σ2.
- if r1 = 1 and r2 = −1, then CT = σ3.

σp n 1
st
2
nd mesurement
measurement r1 = 1 r1 = −1
σ0 0 σ3 ⊗ σ3 σ1 ⊗ σ1 σ2 ⊗ σ1
σ0 1 −σ3 ⊗ σ3 σ1 ⊗ σ1 −σ2 ⊗ σ1
σ0 2 −σ3 ⊗ σ3 σ1 ⊗ σ1 σ2 ⊗ σ1
σ0 3 σ3 ⊗ σ3 −σ1 ⊗ σ1 σ2 ⊗ σ1
σ1 0 −σ3 ⊗ σ3 σ1 ⊗ σ1 σ2 ⊗ σ1
σ1 1 σ3 ⊗ σ3 σ1 ⊗ σ1 σ2 ⊗ σ1
σ1 2 σ3 ⊗ σ3 −σ1 ⊗ σ1 −σ2 ⊗ σ1
σ1 3 −σ3 ⊗ σ3 −σ1 ⊗ σ1 −σ2 ⊗ σ1
σ2 0 −σ3 ⊗ σ3 −σ1 ⊗ σ1 −σ2 ⊗ σ1
σ2 1 σ3 ⊗ σ3 −σ1 ⊗ σ1 −σ2 ⊗ σ1
σ2 2 σ3 ⊗ σ3 σ1 ⊗ σ1 σ2 ⊗ σ1
σ2 3 −σ3 ⊗ σ3 σ1 ⊗ σ1 σ2 ⊗ σ1
σ3 0 σ3 ⊗ σ3 −σ1 ⊗ σ1 σ2 ⊗ σ1
σ3 1 −σ3 ⊗ σ3 −σ1 ⊗ σ1 σ2 ⊗ σ1
σ3 2 −σ3 ⊗ σ3 −σ1 ⊗ σ1 −σ2 ⊗ σ1
σ3 3 σ3 ⊗ σ3 σ1 ⊗ σ1 −σ2 ⊗ σ1
table 1
Non-Probabilistic Model
Using this new model composed of simulations of H
and CNot proposed by Nielsen and the alternative ele-
mentary simulation of T , the simulation of any n-qubit
unitary transformation U on a state |ψ〉 produces a state
CUU |ψ〉, where CU is now a Pauli operator. Corrections
may now be performed according to two strategies.
The first strategy consists in a simulation of CU us-
ing Nielsen’s scheme, independently on each qubit. The
cost of correction with this strategy is O(n), whereas the
cost of correction with Nielsen’s scheme is O(l), where l
is the number of elementary operators necessary for the
simulation of U , in general l ≫ n.
The second strategy relies on a distinction between two
contexts:
- The context of Quantum Computation, where quan-
tum results are measured in the computational ba-
sis. Pauli operators stabilize the computational basis
{|0〉 , |1〉}, so the corrective operator CU does not mod-
ify the measurement basis, but only the interpretation
of the measurement. For instance, measurements of |φ〉,
and σ1 |φ〉 are equivalent, up to an inversion of the role
of classical results 0 and 1.
- In all other cases, the corrective operator may be,
for instance, classically transmitted (using a n-tuple of
integers between 0 and 3) to the receiver of the quantum
result.
When this strategy is chosen, particularly in a context
of quantum computation, the corrective stage disappears
entirely. The model composed of simulations of H and
CNot proposed by Nielsen and the alternative simulation
of T , associated with this strategy is a Non-Probabilistic
Model, due to the following theorem:
Theorem 2 - Non-Probabilistic Model The simula-
tion of any unitary transformation with the non-
probabilistic model always terminates, and the date
of termination can be predicted.
CONCLUSION
Nielsen showed the universality of quantum measure-
ment for quantum computation, then Leung proved
this universality under the constraint that only two-
qubit measurements are allowed. Finally we prove the
universality of two-qubit measurements under the con-
straint that the end of the computation must be pre-
dicted. Thus, although quantum measurement is prob-
abilistic, we introduce a model of quantum computa-
tion, based on measurements only, on which the num-
ber of performed steps, for a given simulation, is not
probabilistic. Moreover, in any case, a simulation with
the non-probabilistic model needs less elementary simu-
lations than with Nielsen’s. As a consequence, the non-
probabilistic model is a better candidate to practical im-
plementation.
Extensions of this work consist in a generalisation of
these results to a universal non-approximation family.
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